Let diam min (G) denote the minimum diameter of a strong orientation of G and let G H denote the strong product of graphs G and H. In this paper we prove that diam min (P m P n ) = diam(P m P n ) for m, n ≥ 5, m = n, and diam min (P m P n ) = diam(P m P n ) + 1 for m, n ≥ 5, m = n. We also prove that diam min (G H) ≤ max {diam min (G), diam min (H)} for any connected bridgeless graphs G and H.
The parameter diam min (G) was studied by many authors, because it is important from theoretical and practical points of view, as an application in traffic control problems. Orientations of graphs can be viewed as arrangements of one-way streets, if G is thought of as the system of two-way streets in a city, and we want to make every street in the city one-way and still get from every point to every other point (see [9, 10] ).
For every bridgeless connected graph G of radius r it was shown, see [1] , that diam min (G) ≤ 2r 2 + 2r. There were also some determined values of the minimum diameter of a strong orientation of the Cartesian product of graphs. For Cartesian product of two paths it was proved that diam min (P m P n ) = diam(P m P n ), for m ≥ 3 and n ≥ 6, see [5] . In [8] it was proved that diam min (C m C n ) = diam(C m C n ) for m, n ≥ 6. In [7] Koh and Tay proved that diam min (T 1 T 2 ) = diam(T 1 T 2 ) for trees T 1 and T 2 with diameters at least 4. They also studied the diameter of orientations of K m K n , K m P n , P m C n and K m C n (see [4, 5, 6] ).
In [3] , the upper bound for the strong radius and the strong diameter of Cartesian product of graphs are determined.
In this article we consider the minimum diameter of strong orientations of strong products of graphs. The strong product of graphs G and H is the graph, denoted by G H, with the vertex set V (G H) = V (G) × V (H) where two distinct vertices (u, v) and (u , v ) are adjacent in G H if and only if uu ∈ E(G) and v = v , or u = u and vv ∈ E(H), or uu ∈ E(G) and vv ∈ E(H). For v ∈ V (H) we define the G-layer G v :
Analogously we define H-layers.
In the next section we prove that diam min (P m P n ) = diam(P m P n ), for m, n ≥ 5, m = n and that diam min (P m P n ) = diam(P m P n ) + 1, for m, n ≥ 5, m = n.
2 Orientations of P m P n In [7] Koh and Tay proved that diam min (P m P n ) = diam(P m P n ), for m ≥ 5 and n ≥ 5. We use some of their notations. So we will define four sections of V (P m P n ) and two basic orientations of P s P t , where s, t ≥ 3, similarly as it was introduced in [7] . For m, n ≥ 5 we define
We define two basic orientations of P s P t , where s, t ≥ 3: if s ≤ t, we define the orientation F 1 of P s P t as:
and if s > t, we define the orientation F 2 of P s P t as:
The orientation F 1 of P 3 P 4 and the orientation F 2 of P 4 P 3 is shown in Figure 1 .
Figure 1: Orientations F 1 and F 2 .
Proof. Let (i, j) ∈ V (F 1 ). We shall consider four cases.
is a path of length at most s − 1 ≤ t − 2.
(ii) If j = t and j < i
is a path of length at most t − 2.
is a path of length two.
Proof. Since (s, t − 1) → (s, t), the claim follows by Observation 2.1:
. We shall consider four cases.
is a path of length at most s − 2 ≤ t − 2.
(ii) If i = s and
is a path of length at most t − 1.
Proof. Since (s, t) → (s − 1, t) and (s, t) → (s − 1, t − 1), the proof is similar as the proof of Observation 2.3.
. We shall consider three cases.
is a path of length at most s.
(ii) If j = t and
is a path of length at most s − 1.
Proof. Let (i, j) ∈ V (F 1 ). We shall consider three cases.
Similarly as above, we can prove next Observations 2.7-2.10.
In [7] , Koh and Tay also introduced a key- Lemma 2.11. Let m, n ≥ 5, m = n and m, n ≡ 1 (mod 2). Then
Proof. Let m < n. We define the orientation D of P m P n by F 1 , F 4 , F 5 and F 8 : As an illustration, the orientation of P 5 P 7 is shown in Figure 4 . The vertex z = ( Since
(similarly as in Observation 2.and Observation 2.4), we have
If m > n we define the orientation D of P m P n by F 2 , F 3 , F 6 and F 7 . Similarly as above, we have
(see Observation 2.10 and Observation 2.8).
Lemma 2.12. Let m, n ≥ 6, m = n and m, n ≡ 0 (mod 2). Then 
as in Observation 2.2 and Observation 2.4.
(ii) If u ∈ NW and v ∈ SW, then (see Observation 2.2 and Observation 2.3):
The argument is similar if u ∈ SW and v ∈ NW, or u ∈ NE and v ∈ SE, or u ∈ SE and v ∈ NE.
(iii) If u ∈ SW and v ∈ SE, then the claim follows from Observation 2.1 and Observation 2.4, similarly as above. Also, if u ∈ SE and v ∈ SW, or u ∈ NW and v ∈ NE, or u ∈ NE and v ∈ NW, then the argument is analogous.
(iv) If u ∈ SW and v ∈ NE, then (see Observation 2.1 and Observation 2.3) we have
The argument is similar for u ∈ NE and v ∈ SW, or u ∈ NW and v ∈ SE, or u ∈ SE and v ∈ NW.
Lemma 2.13. Let m ≥ 5, n ≥ 6, m ≡ 1 (mod 2) and n ≡ 0 (mod 2). Then The orientation D is shown in Figure 6 . Note that vertex z 1 is a key-vertex of F 1 and F 5 and that vertex z 4 is a key-vertex of F 4 and F 8 . (i) If u ∈ NW ∪ NE and v ∈ NW ∪ NE, then we have
(see Observation 2.2 and Observation 2.4). The case that {u, v} ⊆ SW ∪ SE is similar.
(ii) If u ∈ SW ∪ SE and v ∈ NW ∪ NE, then (see Observation 2.2 and Observation 2.4):
(iii) If u ∈ NW ∪ NE and v ∈ SW, then from Observation 2.2 and Observation 2.3:
The case that u ∈ NW ∪ NE and v ∈ SE is similar.
Let m > n. Denote z 2 = ( (e) orient ( The rest of the proof is analogously as above.
Note that if m ≥ 5 and n ≥ 6, m ≡ 0 (mod 2) and n ≡ 1 (mod 2), we also have (2.1).
Lemma 2.14. Let m ≥ 5, m ≡ 1 (mod 2). Then
Proof. Denote z = ( 
as in Observation 2.5 and Observation 2.6.
Proof. The proof is similarly as the proof of Lemma 2.12 (it follows from Observations 2.1, 2.3, 2.5 and 2.6).
In [2] , it is proved that if (u, v) and (u , v ) are vertices of a strong product G H, then for any D ∈ D(P m P n ). To combine these two observations with Lemmas 2.11-2.15, we obtain the following theorem: Theorem 2.16. If m, n ≥ 5, then diam min (P m P n ) = diam(P m P n ), if m = n; diam(P m P n ) + 1, if m = n.
At the end of this section, we give the bounds of diam min (P n P m ) for m < 5. From Figure 7 , we see that n − 1 ≤ diam min (P n P 2 ) = n for n > 2, n − 1 ≤ diam min (P n P 3 ) = n for n > 3 and n − 1 ≤ diam min (P n P 4 ) = n + 1 for n > 4. Figure 7: Orientations of P n P 2 , P n P 3 and P n P 4 .
Strong orientation of graphs
In this section we shall prove the next theorem. 
